UNIVERSAL TROPICAL STRUCTURES FOR CURVES IN 
EXPLODED MANIFOLDS 



BRETT PARKER 



Abstract. For any stable curve / in an exploded manifold, this paper con- 
structs a family of curves / with universal tropical structure which contains /. 
Such a family has the property that any other family of curves containing / is 
locally a small modification of a family which factors through /. As such, fam- 
ilies of curves with universal tropical structure play an important role in the 
analysis of the moduli stack of curves and the construction of Gromov-Witten 
invariants on exploded manifolds. 
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1. Introduction 

This paper is one of a series of papers defining Gromov-Witten invariants of 
exploded manifolds and in the process proving new gluing theorems for Gromov- 
Witten invariants of symplectic manifolds. For an introduction to exploded man- 
ifolds, see [6]. For an outline of the relationship between exploded manifolds and 
log schemes, and an explanation of how exploded Gromov-Witten invariants are 
related to log Gromov-Witten invariants, see [7]. 

In the category of smooth manifolds, any map h which is close to a given map ho 
may be described as ho followed by exponentiation of some vector field. The same is 
not true in the category of exploded manifolds. Indeed, if fig and h are nearby maps 
of exploded manifolds, then h may be written as followed by exponentiation of 
some vector field only if ho and h have the same tropical part. 

Similarly, in the category of smooth manifolds, any smooth map defined on a 
submanifold extends to a map defined on a neighborhood, but the same property 
does not hold for exploded manifolds. Again the obstruction can be seen by analyz- 
ing the tropical structure. For example (Tj) 2 contains the exploded submanifold 
{z\Z2 = It 1 }. The coordinate function z\ gives an isomorphism of this sub exploded 
manifold to Tf Q ji. If this isomorphism extended to a map h : (T}) 2 — ► Tf Q ^ de- 
fined on an open neighborhood of \z\Z2 = It 1 } then the tropical part of h would 
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be an integral affine map [0,oo) 2 — > [0, 1], which would be equal to x\ restricted 
to {x\ + x-i = 1} C [0, oo) 2 . No such map exists. 

This paper is concerned with dealing with the above two related problems for 
the moduli stack of stable curves in an exploded manifold. In particular, for any 
stable curve / in an exploded manifold, we shall construct a family of curves / 
with universal tropical structure. This family / has the property any stable curve 
/' which is close to / may be written as the composition of a nearly holomorphic 
map to the domain of a curve in /, followed by /, followed by exponentiation 
of some small vector field. Moreover, any family of curves /' close to / may be 
written as the composition of a nearly fiberwise holomorphic map to the domain of 
/ followed by / followed by exponentiation of some small vector field. 

In the case that / is a curve in a smooth manifold M, [/] is a stable curve 
in M, which may have nodes. In this case, \f] is a family of curves in M which 
includes all possible smoothings of the nodes of [/] . In the general case when the 
target of / is an exploded manifold B, the construction of / is more involved — 
In [3], an inelegant such construction with the simplifying assumption that B is 
basic plays a pivotal role. The condition of a family of curves having universal 
tropical structure is related to the 'basic' condition on curves which Gross and 
Siebert require for defining log Gromov-Witten invariants in [2], and the similar 
condition of a minimal log structure used by Abramovich and Chen in [T] , and Kim 
in 0. 

In [5] , the existence of families of curves with universal tropical structure is used 
to construct the moduli stack A4(pt) of stable holomorphic curves mapping to a 
point, and the forgetful map A4 st (H) — > A4(pt) from the moduli stack of stable 
curves in B to M(pt). More crucially, they are also used in [5] to construct 'core 
families' / with an automorphism group G with the property that any family of 
curves close enough to / may be written uniquely as a fiberwise holomorphic map to 
the domain of f/G followed by / followed by exponentiation of a vectorfield. This 
enables the moduli stack of curves close to / to be studied by studying modifications 
of / by exponentiating vectorfields. The properties of the d equation on the moduli 
stack of curves close to / then fall readily to the analysis in [5] . 

2. Notation and definitions 

The definitions in [5] shall be essential for understanding this paper. We shall 
be studying the moduli stack A4 st (B) of stable curves in a family B — > G of 
exploded manifolds. We shall use the notation 

C — f -^ B 
* > G 

for a C°°'i curve / in B. We shall call / stable if both / and the smooth part [/] 
of / do not have an infinite automorphism group. For a family / of curves, we shall 
use the notation 

C(/) B 



F(/) > G 
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2.1. Tropical structure. 

Recall from section 4 of [5], that the tropical structure (Bt,V) of an exploded 
manifold B associates to every point p € |~B] a polytope V{p) so that p is in the 
interior strata of a coordinate chart with tropical part V(p). 

For every homotopy class of continuous path 

7 : [0, 1] — ► [B] 

so that if t\ > to, then ti is in the closure of the strata containing to, there is a 
kind of parallel transport of V(^(0)) along 7 which gives an integral afhne map 

which identifies P(^(0)) with some face of "P(7(l)). 

The above information may be formalized by introducing a category Br with 
objects the points of |~B] and morphisms homotopy classes of continuous paths 7 
obeying the conditions above, then defining a functor V from Bj- to the category 
of integral affinc polytopes as above. 



The construction of this tropical structure is functorial, so given a map 

h : A — > B 



there is an induced map of tropical structures 

(h T ,Th) : (A T ,V) — > (B T ,P) 

consisting of a functor 

Ht ■ — y By 

and a natural transformation 

Vh:V — >Voh T 

The functor hx is really just the map induced from |7i] : [A] — > [B] . The natural 
transformation Vh restricted to a point x G [A] is the integral affine map 

Vh : V(x) — > V(h(x)) 

which is the tropical part of h restricted to coordinate charts containing x and h{x) 
in their interior strata. 

Throughout this paper, any arrow 

(A T , 7?) — > (B T ,P) 
shall always mean such a functor and natural transformation. 



2.2. Extensions of the tropical structure of a curve. 

The tropical structure of a family of curves / in B consists of the diagram 



(F(f) T ,P) >{G T ,V) 



In the case of a single curve /, F(/) is a single point *, and V has image the 
polytope which is a single point, so we shall simplify the notation for the tropical 
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structure of a curve / to be 

{C T ,V) { ^^{B T ,V) 

(*,*) >(G T ,V) 

If a family of curves / contains /, then we get a commutative diagram which 
factorizes (frt'Pf) 



(f T ,Vf) 




{Ct,V) > (C(f) T ,V) ► (B T ,V) 

(*,*) > (F(f) T ,V) > (Gt,V) 

Restricting V to the subcategory Ct of C(/)t gives a functor V, and natural 
transformation V' f : V — > V o /y. Restricting (F(/)r,"P) to the image of * gives 
a functor V' with a map (*,V) — > (Gt,V). The commutative diagram 

(C T ,V) > (B T ,P) 

(*,V) > (G T ,V) 

is an example of an extended tropical structure V' on fr, which we shall define 
more precisely below in Definition 12.11 

In Lemma l^^l below , we shall show that there is a notion of the pull back of an 
extended tropical structure. The left hand square in the following diagram coming 
from the inclusion of / in / is an example of a pullback diagram of extended tropical 
structures. 

(C T ,P) > (C T ,V) > (B T ,V) 

(*,*) ► (^v') > (G T ,V) 

We can regard any extended tropical structure which pulls back to give the 
tropical structure of / to be an extension of the tropical structure of /. This notion 
of an extension of tropical structures is analogous to Gross and Siebert's notion of 
a ghost sheaf of a given type in [2]. We shall construct a universal extension of 
the tropical structure below in Theorem 13.11 so that any extension of the tropical 
structure of / may be uniquely expressed as the pullback of this universal extension. 
We shall say that a family / has universal tropical structure when its tropical 
structure restricted to any individual curve is the universal extension of the tropical 
structure of that curve. 
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Definition 2.1. An extended tropical structure on is a pair of functors V from 
Ct and * to the category of integral affine polytopes and a commutative diagram 



(C T ,V) {fT ' r ' f \ (B T ,P) 



(1) 



(-7TT , V 7r) 

{*,V) > (G T ,V) 

so that 

(1) given any path 7 along which parallel transport is defined, 

7" (7) : P'(7(0)) — ► P'(7(l)) 

is always an isomorphism onto a face of V '(7(1)). 

(2) 77ie natural transformation 

V'tt :T' — >V oir T 
gives for each point x £ j~C] an integral affine map 

V'tt : V\x) — > £"(*) 
T/iis integral affine map is: 

(a) an isomorphism in the case that x is a point in a smooth component 
ofC, 

(b) or a pullback of the map [0, oo) 2 — > [0, 00) given by (a,b) i-> a + 6 in 
t/ie case t/iat x is a node of \C~\ , 

V'(x) > [0,oo) 2 

a + b 



-> [0, 00) 



(c) or t/ie pullback of the map [0, 00) — > {0} in £/ie case that x is a marked 
point of \C~\. (In other words, in the case that the inverse image of x 
in C is isomorphic to Tj ^ .) 

So long as C is not T, given any family / of curves containing /, the tropical 
structure of / restricted to [C] C [C(/)] gives an extended tropical structure on 
fx in the above sense. Throughout this paper, we shall be ignoring the case that 
the domain of / is T, because the moduli stack of curves with domain T is very 
easily analyzed. 

Just as we can pull back families of curves, we may pull back extended tropical 
structures as follows: 

Lemma 2.2. Given an extended tropical structure on fx 

(C T ,V) {fT > v ' f \ (B T ,V) 

(ttt , V'tt) 

{*,V) > (G T ,V) 



and any integral affine map 
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there is a unique pullback extended tropical structure on fj 

(C T ,Q) (/T ' Q/) ) (B t ,V) 

(7TT, Qtt) 

(*,Q) ► (Gr.P) 



wii/i a commutative diagram 



(f T ,Qf) 



(C T ,Q) (C r ,7") «^>> (B T ,7>) 



(*,C) 



-> (Gt,V) 



so that 
(1) 



and the map 



Q(*) = Q 



C(*) — 



is i/ie given map Q — ► V'(*). 
(2) For aZZ x 6 |~C] , f/ie following diagram is a pull back diagram: 

Q(x) V'ix) 



Q(*) ► V'(*) 

Proof: 

For notational simplicity, let P := P'f*)- 

Define Q(a;) and 77 : Q(a;) — > V(x) via the pullback diagram 

Q(x) — 



-> P 



Q 



Given any path 7 from x\ to x 2 so that 7-" (7) is defined, the commutative diagram 



Q{ Xl ) — T'( Xl ) ^\v'(x 2 ) 



Q 



induces a map Q{x\) — > Q(x 2 ) because Q{x 2 ) is defined as a pullback. Define 
Q(l) to be this map. Such a Q is the unique functor from Ct to the category of 
integral affine polytopes so that i] is a natural transformation. 
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We now have a commutative diagram 

(C r ,g) t/^'/°,), (B T ,V) 

(*,C)- ->(G r ,P) 

As Vij) is always an isomorphism onto a face, and 2(7) is obtained from Vipf) 
via a base change, 2(7) is also always an isomorphism onto a face. Similarly, 
condition [2] of Definition 12.11 is preserved under base change, so it is also satisfied 
by Q. 

It follows that our commutative diagram above is the unique extended tropical 
structure on fx which satisfies the conditions above to be a pullback. 

□ 

A pullback diagram 



(C T ,Q) > (C T ,V) ► (B T ,V) 



(*,Q) 



-> (G T ,V) 



from Lemma l2.2l is the correct notion of a map of extended tropical structures from 
Q to V. 

Definition 2.3. Say that an extended tropical structure V' on fx is an extension 
of the tropical structure of f if the tropical structure of f considered as an extended 
tropical structure on fx is a pullback ofV'. 



3. Construction of a universal extension of tropical structure 

Theorem 3.1. If f is a curve in B so that the domain C of f is not T, then there 
exists a universal extension of the tropical structure of f , 

(C T ,V U ) {fT ' V - f \ (B T ,V) 



with the property that given any other extension 

(Cx,V) (/T ' y7) > (B T ,V) 



-> {G T ,V) 



of the tropical structure of f , there exists a unique map 
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which pulls back V u to V' . 

Ut,V'S ) 

(c T ,v) > (c T ,r u ) {fT,Vuf \ (Br,p) 

{*,V) > (*,V U ) > (Gt,V) 

Proof: 

We shall use P to refer to the polytope which is £"(*), and P u to refer to V u (*)- 

The structure of the proof shall be as follows: We shall 

(1) Define a functor Q from Ct to the category of integral affine polytopes. 

(2) Prove that every extension V' of the tropical structure of / may be written 
uniquely as a pullback of Q. 

(3) Find obstructions to constructing a natural transformation Qf from Q to 
Vof T . 

(4) Construct V u from Q by solving integral affine equations corresponding to 
the obstructions to defining Qf. 

Choose a point pi on each smooth component of C. We shall use the polytopes 
V{f{pi)). For each node e of |~C] (corresponding to an internal edge of C), define 

/ e :=[0,oo) 

Denote by Q the product of I e for each node of j~C] with V(f(pi)) for each i. 

(2) Q:=n^(/fe)) x n / e 

i e 

We shall construct P u as a subpolytope of Q. We shall regard the V(f(pi)) factors 
of Q as parametrizing the possible positions of vertices of tropical curves, and the 
I e factors as parametrizing the possible length of internal edges of tropical curves. 
The polytope P u C Q will be determined by the requirement that a tropical curve 
with the specified data exists. 

As a first step to define a functor Q from Ct to the category of integral affine 
polytopes, for each point x on a smooth component of C, define 

Q(x) := Q 

For any path 7 within a smooth component, define the map 2(7) to be the identity. 
For any x in a smooth component of C, define 

Qf : Q(x) — > V(f(x)) 

by choosing a path 7 within a strata of |~C] joining pi to x, and setting Q(f) to 
be projection to V(f(pi)) followed by "P(/t(7))- Note that Qf may depend on this 
choice of path, in which case it won't be a natural transformation. Later, we shall 
restrict to subpolytopes so that we get a natural transformation. 

For any node e of |~C] (corresponding to an internal edge of C), define Q(e) to 
be the product of [0, oo) 2 with I e i for every other node e', and V(f(pi)) for all i. 

Q(e) := [0,^) 2 x JJP(/(pi)) x JJ I e , 

For a path 7 joining x to one side of the node e, set 2(7) to be the map induced 
by inclusion of I e := [0,oo) as {0} x [0,oo) C [0,oo) 2 . (Let 2(7) be the identity 
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on all other factors.) For a path 7' joining x' to the other side of the node e, let 
Q(7') be the inclusion of I e as [0, 00) x {0} C [0, oo) 2 and the identity on all other 
factors of Q(x') = Q. 

A marked point y of |~C] is a point in [~C] with inverse image in C isomorphic 
to T^ Q s , so y corresponds to an external edge of C. For any marked point y 
of [C], define Q(y) = Q x [0,oo). For a path 7 joining a point x in a smooth 
component of C to y, define Q(j) : Q(x) — > Q(y) to be the inclusion of Q as the 
face Q x {0} C Q x [0, 00). 

This completes the definition of a functor Q from Ct to the category of integral 
affine polytopes. Define Q(*) to be Q. There is a map 

(Or, Q) — > (*, fi) 

given by 

• the identity map 

Q(x) = Q — > Q{*) = Q 

when a; is in a smooth component of C, 

• the projection 

Q(y) :=Qx [0, 00) — > Q 

when y is a marked point of |~C] , 

• and the map 

[0, co) 2 — ► I e 
(a,b) i-> a + b 

on the components of Q(e) and Q(*) corresponding to the node e, and the 
identity map on all other factors of Q(e) and Q(*). 

We have not yet defined a natural transformation Qf, only the map Q/ : 
Q(x) — > V(f(x)) for 1 in a smooth component of C. Nevertheless, the follow- 
ing claim may be thought of as saying that we may write any extension V' of the 
tropical structure of / uniquely as a pullback of Q. 

Claim 3.2. Given any extension V' of the tropical structure of f , there exists a 
unique natural transformation 

m ■ V — ► Q 

so that 

(1) the following diagram commutes 

> (*,Q) 

(2) for all x in a smooth component of C, 

V'f : V'(x) — ► V{f{x)) 

factorizes as 

V'f = Qf o m 
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(3) and for all points x in |~C] , the following is a pullback diagram: 



V'(x) Q(x) 



P 



-> Q 



To prove Claim I3~2l note that condition l2l of Definition [27X1 tells us that at points 
x in the smooth part of C, the map V{x) — > P must be an isomorphism. The 
commutativity of the diagram in item [T] above and the fact that Q!{x) — > Q is an 
isomorphism tells us that V(x) — > Q'(x) must be determined by the map P — > Q. 
On the other hand, item [5] above tells us that the map T"(pi) = P — > Q = Q(Pi) 
followed by projection to V{f{pi)) must be equal to V f. 

Condition[5]of Definition 12 . 1 1 and the definition of a pullback in Lemma |2~21 imply 
that there is a pullback diagram: 



V'{e) 



P 



Q(e) 



[0,oo) 2 



-> [0, oo) 



The map P — > [0, oo) coming from the node e must therefore be equal to the 
map P — > Q followed by projection to I e — [0, oo). The map P — > Q is therefore 
uniquely determined by the above conditions. This implies that rjo : V'{x) — > Q(x) 
is uniquely determined for any point a; in a smooth component of C. 

The fact that V is a pullback of V' along with condition [2] of Definition 12.11 
implies that given paths 7 and 7' ending on opposite sides of the node e, the maps 
V'(j) and V'ij') send P to the two different faces of Vie) which are the pullback 
of the two different boundary faces of [0,oo) 2 . Therefore, there is a unique map 
770 : V(e) — > Q(e) so that item[3]above holds and the following diagram commutes, 
as is required if ryo is to be a natural transformation. 



•p'( 7 ) 




2(7') 



Q(7) 



Similarly, for a marked point y of [C] , 

^0 : V'(y) - 



Q(y) 



is uniquely determined by condition [2] of Definition 12.11 and item [3] above. Given 
any path 7 joining x to y, the diagram required to show that 770 is a natural 
transformation commutes 



.A. 

7" (7) 

V'(x) 



S(7) 

-> Q(x) 



because in each case the inclusion corresponding to 7 is the pullback of the inclusion 
— > [0,oo). 
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It follows that r/o : P' — > Q as defined is a natural transformation, and is the 
unique natural transformation satisfying the above conditions. This completes the 
proof of Claim 13.21 

So far, we have only defined maps Qf : Q(x) — > P(f(x)) for x in smooth 
components. We shall now attempt to define Qf as a natural transformation, and 
discover two types of obstructions along the way. 

For Qf to be a natural transformation, we need for any path 7 joining x\ to X2 
within a given smooth component, the following diagram to commute: 

Q = Q(xi)-^V{f( Xl )) 

■P(f T h)) 
Q = Q(xi)-^P(f(x 2 )) 

If x\ = X2, then this is not possible unless Qf has image contained in the subset of 
V(f(xi)) where Pifril)) is the identity. 
Define 

Pi(/(aO)cP(/(aO) 

to be the sub polytope of V(f(x)) which is fixed by Pifril)) for all such 7 from x 
to itself. Define Qi to be the subpolytope of Q which is the product of Pi(f(pi)) 
for all i with I e for each node e. 

Qi :=nw&*)) x ii je 

i e 

As V' f = Qf o T) restricted to x, and P'd) is the identity for any loop 7, the 
map P — > Q from Claim l3~2l must have image inside Q\. 

Now define 

Qf ■ Q(y) — > P(f{y)) 

for a marked point y of [C] . Choose a path 7 to y from a point x in the smooth 
component of |~C] with closure containing y. For Qf to be a natural transformation, 
we want the following diagram to commute. 

Q(y) P(f(y)) 
( 3 ) S(t) 

Q(x) -^U P(f(x)) 

As Q(y) = Q X [0, 00) and 2(7) has image Q x {0}, this specifies Q(f) on the face 
Q x {0} C Q x [0, 00). Claim lX2l gives a unique inclusion 770 : P(y) — > Q(y) as some 
fiber of the projection Q x [0, 00) — > Q. As the image of P(y) is complementary 
to Q x {0}, we may define a unique map 

Qf ■■ Q(y) — > P(/G0) 

so that diagram © commutes and so that Pf = Qf o 770 . Note that Qf as defined 
depends on the choice of 7, but restricted to the inverse image of Q\ C Q, it does 
not depend on the choice of 7. 



id = Q( 7 ) 



VUt{i)) 
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The map 770 : 'P'iv) 
commutes. 



Q{y) pulls back Qf to Vf because the following diagram 



V(y) Q(y) V(f(y)) 




In particular, the bottom left hand triangle commutes because of the uniqueness 
property of 770, the top loop commutes by the definition of Qf, and the outer loop 
commutes because V is a pullback of V . It follows that the bottom right hand 
triangle commutes on the image of P(y). On the other hand, the bottom right 
hand triangle commutes on the complimentary face of V(y) because of condition 
[5] from Claim 15721 and the commutativity of diagram Q. 



Let us now try to define Qf : Q(e) — > 'P{f{e)) similarly for a node e of [C~|. 
Given a path 7 joining pi to the node e, if Qf is to be a natural transformation, 
there must be a commutative diagram 

Q(e)- Qr ' >V(f(e)) 



C(7) 



Q(Pi) 



■P(/t(7)) 

Qf 



Claim 13721 gives us an inclusion of V(e) as a fiber of Q(e) — > Q. As the pullback 
of Qf under this inclusion is required to be Vf, we now have our prospective 
ma P Qf specified on the face which is the image of 2(7) and the complementary 
subspace V(e) C Q(e). If we embed V(f(e)) in M™, this specifies a unique integral 
affine map 



A 7 : Q(e) — > 
so that the following diagram commutes 

Vf 



(4) 



r D V(f(e)) 




^ V{f{e)) 



Consider the following diagram. 




3P(/(e)) 



The top, lower left and outer loops of the above diagram commute, so the bottom 
righthand triangle commutes when V(e) is restricted to the image of V(e). On the 
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other hand, consider the diagram 





V'{x) > Q{x 



» K" D V(f(e)) 

V(M-y)) 



The outer loop, two inner squares and bottom triangle commute, therefore the top 
triangle commutes when Vie) is restricted to the image of V'(x). Therefore both 
of the above diagrams commute, because the questionable triangle commutes when 
V'(e) is restricted to the complimentary images of V(e) and V(x). In particular, 
this implies that the pullback of A y to V(e) must equal Vf. 

Given another path 7' joining a marked point pj to e, we get an analogous map 
A Y : Q(e) — > R" D V(f(e)) 

As the diagram 




V'(e) 



>Q(e) 



commutes, r]o(V'(e)) must be in the subset of Q(e) on which A 1 = A 7 >- This subset 
of Q(e) is the inverse image of the subset of Q — Q(pj) on which the diagram 



Q(p 3 ) - 

Qh' 
6(e)- 



^(/(Pi)) 

P(/t7') 

R" D P(/(e)) 



commutes. 

Define P„ as the subpolytope of Q\ C Q on which the above diagram commutes 
for for all such pairs, 7 and 7'. 

Define V u as the pull back of Q under the inclusion P u — > Q. In other words 
define V u (x) via the pullback diagram 

Vu(x) >■ Q(x) 

P u >• Q 

and define Vuil) to be the map induced by the diagram 



V u (xi) > Q(xt) -^U Q(x 2 ) 
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For points x in |~C] which are not nodes, we may define P u f via the composition 

v u f 



V u (x) > Q(x) -^-> P(f(x)) 

To define P u f at a node e of |~C], consider the commutative diagram 



Vuf 



Vu(Pj) 

V u (j') 

Me) > Q(e) 



Vuf 



v(fW) 
R" D P(f(e)) 
V(fT-y) 



As V u (e) is the convex hull of the image of Vu(l) and Vu{l'), and all polytopes 
above are convex, the composition 

Vu(e) > Q(e) E" D P(/(e)) 

has image inside V(f(e)), so we may define V u f using the commutative diagram 



v u f 




Vu(e) > Q(e) 



V{f{e)) 



As discussed above, P u f thus defined obeys the commutativity requirements to be a 
natural transformation. This completes the construction of our universal extension 
of the tropical structure of / 

(C T ,P U ) (/T,7W) > (B t ,P) 



{*,Pu) 



-> (G T ,V) 



As the map P — > Q has image in P u , we get a unique natural transformation 
r\ : P' — > P u so that the following factorizes the pullback diagram for rjo from 
Claim O 

no 



P'(x) P u (x) > Q{x) 



-> Q 



P >Pu 

As Ay o r]o = P'f and Qf o 770 = P'f, we get that 

Puf or ) = P' 

Claim f3T2l and Lemma l2T2l then imply that this map P — > P u is the required unique 
map which pulls back our universal extension P u of the tropical structure of / to 
the given extension P' of the tropical structure of /. 

□ 



UNIVERSAL TROPICAL STRUCTURES FOR CURVES IN EXPLODED MANIFOLDS 15 



Remark 3.3. For each point x in a smooth strata of of [C] there is a map 

A x :P u ^r V(f(x)) 

which is equal to V u f : V u (x) — > V(f(x)) when P u is identified with V u {x). This 
map A x should be thought of as parametrizing the potential tropical positions of the 
image of x. For each node e of \C~], there is a map 

p e : P u — > I e := [0, oo ) 

which should be thought of as parametrizing the possible lengths of the edge of the 
tropical curve corresponding to e, so V u (e) is defined as a fiber product 

V u {e) > [0,oo) 2 

a + b 

Pu — ^ [0,oo) 

Our construction ofV u implies that if there are n nodes {ei, . . . ,e n }, and if{x±, . . . , x m } 
is any finite collection of points in smooth stata of [C] so that each strata contains 
at least one of our x ir then the map 

n m 

(ei , . . . , e n , A Xl , . . . , A Xrn ) : P u 

3=1 i=l 

is an injective map which represents P u as a subpolytope of the target which cor- 
responds to the solution of some integral affine equations. Roughly speaking, these 
integral affine equations are the consistency conditions which must be satisfied for 
tropical curves with the data given by and A Xi to exist. 

If f is a curve in a smooth manifold, then V(f(xi j) is always a point, and 

(ei,...,e„) : P u — > [0, oo)" 

is an integral affine isomorphism. 

4. Families of curves with universal tropical structure 

Definition 4.1. Say that a family of curves f containing f has universal tropical 
structure at f if the restriction of the tropical structure of f to Ct is the universal 
extension of the tropical structure of f. 

Say that a family of curves has universal tropical structure if it has universal 
tropical structure at every curve which it contains. 

Lemma 4.2. Given a curve f in B with domain not equal to T, there exists a 
family of curves 

C(f) B 
F(/) > G 

containing f which has universal tropical structure at f so that the smooth part of 
the strata o/F(/) containing f consists of a single point. 

Proof: 

The base of our family of curves F(/) shall be an open subset of T™ u . There is 
a distinguished point in P u corresponding to the map of the tropical structure of / 
to V u . Choose some point * e T™ u with tropical part this distinguished point. 

Choose a finite collection of coordinate charts Ui on the domain C of / so that 
Ui with its complex structure is either 



16 



BRETT PARKER 



(1) An open subset of Tf ; i in the form of 

1 > \z\ > rt 1 

(2) an open subset of Th ^ in the form 



1 > \z\ 

(3) or an open subset of C, 
so that 

• any non empty intersection of two different charts involves at least one 
chart of type G2 

• and each chart of type [3] which intersects a chart of type Q] does so either 
on the subset 

l>\z\>l 

or on the subset 

2rt l > \z\ > rt 1 
but does not intersect both of these subsets. 

We shall extend these coordinate charts Ui to coordinate charts Ui on a family 
/ of curves as follows: 

In the case that Ui is a chart of type [TJ proceed as follows: Denote by V the 
open subset of in the form of 

i.zol : \zA < 1. Izol < 1. I2t5oI < 



V := <J (5i,z 2 ) : \zt\ < 1, \S 2 \ < 1, \ Zl S 2 \ < \ \ C Tf a ; , 



There is a submersion 



in the form of {z\, z 2 ) *-> Z\Zi. 

Suppose that Ui is the coordinate chart containing the node e. Remark 
implies that for each node e of |~C] there is a pullback diagram 

V u (e) ► [0,co) 2 

a + b 

Pu Pe > [0, oo) 
There is a monomial map 

Qz ■ J-p u > L [0,cc) 

with tropical part equal to p e so that the fiber of V over the image of * is isomorphic 
to Ui (with its complex structure). Define F(/) C T™ u to be the subset where 
1 3i | > j for all such maps qi . Then define Ui via the pullback diagram 

U % — ► V 
F(/) ^> Tf 0)Oo) 

and give Ui — > F(/) the fiberwise complex structure pulled back from V — > 
T [o oo)- Note tliat ^ is tne fiber of over * e F (/)- 

If C/i is any other coordinate chart (of the form[2]or[2|), then define Ui as Ui x F(/) 
with the obvious projection to F(/) and the fiberwise complex structure from Ui. 
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Similarly, if Uj indicates the intersection of U for all i £ I, and |/| > 1, then define 
U i := Ui x F(/) with the obvious projection to F(/). 

To define a family of curves C(/) — > F(/) using the system of coordinate charts 
[//, we still need to define transition maps. If / D then there is a transition map 

^i,i> ■ Ui — > Up 

If Up is not a chart of type [TJ then there is an obvious induced map 

i>i,P : Ui := Ui x F(/) (ld, ^' J,) > Up x F (/) := Up 

which is a fiberwise holomorphic isomorphism onto its image. If on the other hand 
Ui is a chart of type [1] and I contains i, and ipi^ has image within 1 > \z\ > ^, 
then define tpi^ as the unique map 

i>i,i ■ Ui — ► u 

so that the following two diagrams commute 

Ui — v - — > u t 



F(/) 



Ui 



^ U 



-> V 



Ui U> 



Similarly, if ippi has image with 2ri l > z > rt l , then define ipi^ to be the unique 
map so that the following diagram and the first of the above diagrams commute. 



Ui 



-> V 



Ui 

As in each case, these coordinates of V are (fiberwise) holomorphic functions on 
Ui, these transition maps are fiberwise holomorphic. ipij is also an isomorphism 
onto its image. 

With these definitions, compatibility of the coordinate maps ipi'j follows from 
compatibility of the coordinate maps ^pi'j. As the map Yii^i^iA ^ s proper, it 
follows that Yiiei ^ s P ro P er too. Therefore Ui with these transition maps define 
a coordinate system on some family of curves C(/) — > As the fiber of Ui 

over * G F(/) is always Ui and the restriction of ipp,i to this fiber is ipp t i, the fiber 
of C(/) over * £ F(/) is isomorphic to C. 



Remark 4.3. In the proof of Lemma \4-8\ below, we shall use that {Ui} is an 
equivariant set of coordinate charts on C(f) — > F(/) in a sense defined precisely 
in [3]. In particular, the projections to T™ u and the maps ipij> are compatible with 
multiplication of exploded coordinates in the source and target by elements o/C*t R . 

Now we shall define a map / : C(/) — > B so that 
(1) / restricted to C C C(j) is equal to / 



18 



BRETT PARKER 



(2) and so that the tropical structure of / restricted to Ct is equal to 

(c T ,p u ) ^4 (b t ,p) 

(*,V U ) — ► (G T ,V) 

We have constructed / so that the tropical structure of C(/) — > F(f) restricted 
to Ct is equal to the left hand side of the above diagram. The above condition 
@ on the tropical structure of / translates to requiring that restricted to any 
coordinate chart on C(/) containing a point x € |~C] in its interior strata, the 
tropical part of / in this coordinate chart is equal to P u f. The fact that V u f is 
a natural transformation implies that condition @ does not depend on the point 
x G |~C] chosen, and that the restriction of a map satisfying condition @ on one 
coordinate chart to another coordinate chart will still satisfy condition (0). 

Choose a map T™ — > G with the correct tropical part which sends * e F(/) 
to the point in G whose fiber in B contains the image of /. 

As P u extends the tropical structure of /, the tropical condition ^ is compati- 
ble with the condition Q] that / restricted to C is equal to /. Therefore, around any 
point in C, there locally exists a map obeying the above two conditions and project- 
ing to the given map T™ — > G. Any two such maps differ by exponentiation of a 

section of the pullback of Tt, ert B which vanishes on C C C(/), and exponentiation 
of such a vector field always preserves these conditions ((TJ) and ([2]). Therefore, we 
may extend a map satisfying conditions ([TJ and @ on some set of coordinate charts 
to the next coordinate chart by using a cutoff function to interpolate between the 
old map and a new map on the next coordinate chart. 
In this way, we may construct a map 

C(/) 4 B 
I I 
F(/) — > G 

extending / with tropical structure which restricts to Ct to be the universal ex- 
tension of the tropical structure of /. 

□ 



Lemma 4.4. Suppose that f is a family of curves with universal tropical structure 
at some curve f. Then f also has universal tropical structure at any curve f in a 
strata ofF(f) with closure containing f. 

Proof: 

Use the notation V' for the tropical structure of / restricted to either /' or /, 
and V u for the universal extension of the tropical structure of /' or /. Use the 
notation 

P' = P'(F(f')) 
P' u =P u {F{f)) 
P„ = P„(F(/)) = 7>'(F(/)) 
The defining property of P u gives us a map 

pi pi 

which pulls back P u to P' . It suffices to prove that this map is an isomorphism. 

The curve /' is in a strata of F(/) with closure containing / if and only if there 
exists a path 7 joining /' to / in |"F(/)] along which parallel transport of tropical 
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structure is defined. Parallel transport along 7 gives an inclusion of P' as a face of 
P = P u . Similarly parallel transport along a lift of this path joining x' to x gives 
a an inclusion of V'(x') as the face of V'{x) — V u {x) which is the inverse image of 
P' C P u . 

We shall be using the notation established at the start of the proof of Theorem 
!3.1l to define the polytope Q. The path 7 may be lifted to a path 7$ in |"C(/)] along 
which parallel transport is defined which joins some point p\ in |~C(/')] to pi in 
|~C(/)] . Parallel transport along 7, 7^ and Jt1% fits into the following commutative 
diagram. 

■P(f'iPi)) P(/T7 ' } > V{f{pi)) 
v's vf 

( 5 ) V'ip'i) ™ > P u (pi) 

p> — m — >Pu 

Define the polytope Q' to be the product of V(f(pi)) for each i with I e := [0, 00) 
for each node e of |~C(/')~|. 

i e 

Note the similarity of Q' to the polytope Q defined in the proof of Theorem 13. II on 
page[5] . Every node of |~C(/')] may be followed over the path 7 to identify with a 
node of |~C(/)]. This identifies the nodes of |~C(/')] with a subset of the nodes of 
|~C(/)]. There is therefore an inclusion of Q' as a face of Q induced by the maps 
V{fTli), the identity maps on the I e factors corresponding to identified nodes, and 
the map on I e factors of Q corresponding to nodes of |~C(/)] which do not come 
from nodes of |~C(/')"|. 

There is then a commutative diagram 

Q' — > Q 

(6) t t 

P' — »• Pa 

where the map P' — > Q' is defined analogously to the map P — > Q from Claim 
13.21 in the proof of Theorem 13.11 

We may choose our sections 7,; so that if p\ and p'j are in the same smooth 
component of C(/), then p[ — p'j. Restrict to the sub polytope of Q' defined by 
requiring coordinates on Q' corresponding to such V{f'{jp' i )) and V(f'(p'j)) to be 
equal, and then follow the same construction as in the proof of Theorem 13.11 This 
constructs P' u as a subpolytope of Q' . The map P' — > Q' has image in P' u C Q'. 

As the lower and righthand arrows in the above commutative diagram ((BJ are 
inclusions of sub polytopes with images defined by the solutions of integral affine 
equations, it follows that the map P 1 — > P' u C Q' is an inclusion of P' as a sub 
polytope of P' u with image defined by the solution of integral affine equations. To 
prove that P' — > P' u is an isomorphism, it therefore suffices to show that this map 
is surjective, or equivalently, show that the image of P' u C Q' in Q under the top 
arrow of the above diagram is contained in the image of P 1 in P u C Q. 

Note that in the case that /' is in the same strata as /, the construction of P' t 
and P u uses isomorphic polytopes Q and Q' , and isomorphic relations to define the 
sub polytopes P u and P' u . In this case, P„, P u , and P' have the same dimension, 
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so the inclusion P' — > P' u must be an isomorphism because it is an inclusion as a 
subpolytope defined by integral affine equations. 

Without losing generality, we may now reduce to the case that P' is one di- 
mension smaller that P u . As any face of P u of smaller dimension may be reached 
by taking a sequence of sub faces of codimension 1, the general case follows from 
repeating the argument that follows. Keep in mind what what we need to do is 
prove that the image of P' u in Q is contained in the image of P' in Q. 

Because P' is one dimension smaller than P u , f is in a different strata from /, 
so the image of the curve / in P u C Q can not be in Q' C Q, because for that to be 
the case, either some pi would need to have image not in the interior of V (/(pi)), 
or some edge of C(/) would need to have zero length. Therefore, Q' C\P U is at least 
one dimension smaller than P u . As the image of P' in Q is one dimension smaller 
than P u and contained in Q' n P u , the image of P' in Q must actually be equal to 
Q' nP u . (This uses that all these polytopes are the intersection of Q with an affine 
subspace.) 

It remains to show that the image of P' u in Q is contained in the image of 
P' = Q' n P u , so we must show that the image of P' u in Q is contained in P u C Q. 
To achieve this, we shall show that P' u C Q satisfies the integral affine equations 
used to define P u C Q. 

Given a loop 70 in a smooth component of C(/) starting and ending at pi, there 
is a map 

TUrro) ■■ p(/(pO) — ► H/(k)) 

The polytope P u is contained in the subset of Q with coordinates fixed by this map 
P(fTlo)- 

There exists a loop 7q in a smooth component of C(/') starting and ending at 
p\ so that 7q followed by 7, is homotopic to 7; followed by 70. Therefore 

7>(/t7<) Hhi Q ) = V(fTio) o V(f T fi) 

As P' u is in the subset of Q' with coordinates fixed by P(/t7o); an d the inclusion 
Q' — > Q on the relevant factor is V(fTli), it follows that the image of P' u in Q 
also has coordinates fixed by "P(/t7o)- In other words, P' u has image inside the 
polytope Qi C Q from the proof of Theorem 13. II 

The remaining equations defining P u C Qi C Q come from pairs of paths hi 
and hi joining pi and pj to some node e of [C(/)~|. (These paths were referred to 
as 7 and 7' in the proof of Theorem 13. 11 but there are already enough 7's floating 
around in this proof.) 

We may lift 7 to a path 7 e in [C(/)] which ends at e and along which parallel 
transport is possible. Let e! £ |~C(/')] be the starting point of j e . There are paths 
h[ and h' 2 in |~C(/')] joining p[ and p'j to e' so that h[ followed by 7 e is homotopic to 
7, followed by hi, and h' 2 followed by j e is homotopic to followed by h 2 . Parallel 
transport along the image of these paths under [/] gives the following commutative 
diagram: 
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vUtK) 



(7) 



V{f T hi) 



V(f(e')) VUt1c) > T(f(e)) 



V{f T h' 2 ) 



P(f T h 2 ) 



P(/'(pJ.)) ^(/(p,.)) 

There is a unique map — > I e = [0, oo) so that T" u {e') 
the pullback digram 

K(e') >[0,^) 2 



V u is obtained by 



P' 



-> [0, oo) 



If e' is not a node of |~C(/')], then this map has image in [0,oo) and T" u (e') is 
isomorphic to P u . As Q(e) is constructed similarly as a pullback of [0,oo) 2 — > 
[0, oo) over the corresponding coordinate of Q, we get a canonical map V u {e r ) — > 
Q(e) so that the following diagram commutes 



v'M) = K >Q = Qte 



(8) 



Q(hl) 



-> 2(e) 



n(pj) = K > Q = Q(pj) 

Define analogously to the definition of A 1 given in diagram Q on page Q21 




(9) 



Q{h t ) 
Q(hi(0)) 

Consider the following diagram. 



> K™ D P(/(e)) 



Qf 



-> V(f(x)) 




W(e')) * 




V(f T hi) 
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Diagram implies that the outer loop commutes, the naturality of V' u f implies 
that the left hand square commutes, the middle square commutes because of di- 
agram ([8]). the right hand square commutes because of diagram ([9]), and the top 
loop commutes because the definition of the map P' u C Q' — > Q involves the map 
V{fTli) on the relevant factor projected onto by V' u f and Qf. This implies that 
the bottom loop commutes when V' u [e!) is restricted to the image of P' u {p'i)- The 
bottom loop also commutes when V' u {e') is restricted to the complementary image 
of V(e'), therefore the bottom loop of the above diagram commutes. 

Repeating the above argument for hi gives that the following diagram commutes 

Q(e) . 

K(e') — > V{f{e')) VUt1 '\ V(f(e)) C R" 

G(e) 

It follows that the image of V' u {e') in Q e is in the subset where — Ah 2 . As P u 
is the subset of Q\ over which Ah 1 = Af l2 for all such pairs of paths, it follows that 
the image of P' u in Q is contained inside P u . As noted above, this implies that the 
map P' — > P' u is an isomorphism, so / has universal tropical structure at /'. 

□ 

Lemma 4.5. Let f be a family of curves with universal tropical structure at some 
curve f . Given any other family of curves h containing f , by restricting to a 
neighborhood of f in h there exists a map 

C(h) A C(/) 

I I 
F(h) — > F(/) 

which is the identity map on C(/) within C(h) and C{f), and so that in a metric 
on B, the distance between the maps h and f o $ is bounded. 

Proof: The bound on the distance between the maps h and / o $ ensures that 
they have the same tropical part. Such a map $ induces a map of extensions of 
tropical structure of /, which must therefore coincide with the unique map n from 
the definition of a universal extension of tropical structures. In this proof, we shall 
use this unique map of tropical structures to construct $. 

In particular, given any point x in [C(/)], we get a specification of what the 
tropical part of $ should be restricted to coordinate charts on C(h) and C(/) 
containing x. The naturality of the map of extended tropical structures implies the 
following: given a map defined on one coordinate chart with the correct tropical 
part, the restriction of this map to another coordinate chart will again have the 
correct tropical part. 

Choose a map F(h) — > F(/) with the correct tropical part and sending / to /. 
(If necessary, restrict to a neighborhood of / in F(h) so that such a map exists.) 
Now construct a $ so that: 

• The following diagram commutes 

C(h) A C(/) 

I I 
F(h) — > F(/) 
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• $ is the identity restricted to C(/) 

• The tropical part of $ in a coordinate chart containing x € C(/) is the same 
as the map coming from the unique map of extended tropical structures. 

Around x in C(/), there locally exists a map satisfying the above properties. 
Any two such maps differ by the flow of a vertical vector field which vanishes on 
C(/), and the flow of any such vertical vector field preserves the above properties. 
If $ is defined on some collection of coordinate charts on C(/) intersecting C(/), 
we can extend the domain of definition of $ to include the next coordinate chart by 
using a cutoff function to interpolate between the previously defined <£> and a map 
defined on the new coordinate chart. This constructs such a $ on a neighborhood 
of C(/) 

□ 

Actually, Lemma 14.51 also holds for any family h of curves containing a curve /' 
which is a refinement of / or which is / with some extra external edges or bubble 
components. This is used in [8] to define an evaluation map to Deligne-Mumford 
space, and is also useful for proving that Gromov-Witten invariants of exploded 
manifolds are preserved by the operation of refinement. 

Lemma 4.6. Let f be a family of curves with universal tropical structure at f . Let 
h be a family of curves containing a curve f with a degree 1 holomorphic map 

cp : C(/') — > C(/) 

so that f — f o cf>. Then by restricting to a neighborhood of f in h there exists an 
extension of (f) to a map 

C(h) ^ C(/) 

I I 
F(h) — > F(/) 

so that in a metric on B, the distance between the maps h and / o $ is bounded. 
Proof: 

We shall first construct the tropical part of <£>. Then the existence of a map <£> 
satisfying the required properties will follow as in the proof of Lemma 14.51 

Denote the tropical structure of h restricted to C(/')t by Vq. To construct the 
tropical part of we need to construct a map from Vq to the universal extension 
of the tropical structure of /. To achieve this, it suffices to construct an extension 
Pi of the tropical structure of / with a map from Vq. 

(C(f) T ,V ) ^W^'> 

{4>t,v) (B T ,V) 



(C T ,Vx) 



(fT,Vlf) 



Denote by P the polytope V (F(f')). We shall construct Vi so that 7>i(F(/)) = P 
too. 

We shall define V\ and the natural transformation r\ separately on the inverse 
image of each point in C(/), and then show these constructions may be glued 
together. 

For any point x in a smooth strata of C(/), set V\(x) equal to P. For any point 
y in C(/')t sent to x by (f>T, define 

r 1 :P (y)^V 1 (x) 
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to be the projection to P coming from the tropical structure of the projection 
C(h) — > F(/i). For any smooth strata C of C(/), the fact that tj> is holomorphic 
and degree 1 implies that there exists a unique smooth component Co of _1 (C) C 
C(/') on which <f> is injective. The image 4>(Cq) C C is then dense. The inverse 
image of x S C is either a single point in Co or a connected and closed union of 
strata of C(f') attached to Co which map constantly into x. If y is a node or marked 
point of |~C(/')] , the fact that the strata corresponding to y maps to x implies that 
the map Vof : Vo(y) — ► V(f(x)) factors through projection to P followed by a 
map P — > V(f(x)). The same holds for all points y in the inverse image of x and 
the inverse image of x is connected, therefore the maps P — > V(f(x)) must be the 
same for each y in the inverse image of x. We may therefore define 

V x f:Vi{x)^V{f{x)) 

so that for any path 7 in 4>~ 1 (x) along which parallel transport is defined, the 
diagram 

Po(7(0)) Voh(l)) 

Vof 

P = V 1 {x)^UV{f{x)) 

commutes. For x a point in a smooth component of C(/), we have now constructed 
V\ for the point x, and constructed r/ on <f>~ l (x). 

Suppose that e is a node or puncture of |~C(/)~|. We shall now construct Vi(e) 
and r\ on </> _1 (e). Choose an integral affine identification of the edge of C(/) 
corresponding to e as a sub interval of [0, 00) with closure containing 0. The inverse 
image of e in C(/') is a connected, closed union of strata. There is a finite collection 
of strata e%, . . . , e n of </> -1 (e) with non-constant image in [0, 00). The fact that 4> 
is a degree 1 map implies that the image of these strata do not intersect, and each 
maps isomorphically to a subinterval of [0, 00). Order the so that has image in 
[0, 00) before the image of e^+i. In the case that e is a node, these strata correspond 
to nodes e%, . . . , e n . In the case that e is a puncture, e„ is a puncture and the other 
ei are nodes. 

According to Definition 12.11 part [21 corresponding to each node , there is a 
pullback diagram 

Vote) > [0,oo) 2 

a + b 

P > [0,00) 

If e is a node, define V\(e) via the pullback diagram 

Pi(e) > [0,oo) 2 

a + b 

P E ' LlP '> [0, 00) 

Let p G P be the point corresponding to the tropical part of the inclusion 
F(/') — > F(h). The length of the edge in C(/') corresponding to is Pi(p), 
so the length of the edge corresponding to e in C(/) is equal to YliPiiP)- I n 
particular, we may choose an isomorphism of V(e) with the fiber of Vi(e) — > P 
over p. 
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If on the other hand, e is an external edge, define Pi(e) := P x [0,oo). In this 
case, the fiber of Pi(e) over p e P is uniquely isomorphic to V(e). 

In either case, for any y in the inverse image of e, there exists a unique integral 
affine map 

r):Vo(y) -^Pi(e) 
so that the following diagram commutes. 

P(y) P(e) 




Given any path 7 in the inverse image of e joining y' to y, the following diagram 
commutes 




W)" J ^Po(t/)— ^Vi(e) 




Therefore, the uniqueness of 77 implies that the composition of the arrows in the 
middle row is 77 : Po(y') — > Pi( e )- Therefore, 77 defines a natural transformation 
from P restricted to 4>^ l {e) to the constant functor with image V\{e). 



So far, for every object x in Ct(/) we have the following commuting diagram of 
functors from <p^}(x) 

P V(p > P o <p T 

7>o > ^1 <pT 

In fact, the P\ o T in the above diagram may be regarded as a pushout in the 
following sense: 

Claim 4.7. Given any constant functor P' from cf)^, (x) to a polytope P' and a 
commuting diagram of functors on (f)^, (x), 

P V4> > V o (f>T 
Po > P' 



there exists a unique map 

Pi(a;) — >i" 
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corresponding to a natural transformation V\ o $y 
diagram commutes 



V so that the following 




To prove Claim l4"7fl consider the diagram 

P(y) > Hx) 

V (y) >Vi(x) 

for any object y in <j)7j}(x). The associated diagram featuring the affine spaces 
generated by the affine polytopes is a pushout diagram of integral linear spaces. 
This may be seen by considering the following three cases: If the dimensions of 
V{y) and V{x) are equal, then the map Va{y) — > Vi(x) generates an isomorphism 
of integral affine spaces. If y is a node or edge and a; is a point in a smooth 
component, then P(y) — > Po(y) is injective, and the integral affine map generated 
by Vo(y) — > Pi{x) is the quotient map which sends the span of the image of V(y) 
to a single point. If y is a point in a smooth component, and a; is a node or edge, 
then the integral affine space spanned by V\ (x) is the span of the complementary 
images of Vo(y) and V(x). In each of the above three cases, the diagram of integral 
affine spaces generated by the above diagram is a pushout diagram. 

Therefore, if we embed P' into K™, there exists a unique map Vi(x) — > R" so 
that the following diagram commutes 

Vi{x) < V(x) 

v 

Mv) > R n 

The uniqueness of this map and the fact that <p~ 1 (x) is conected implies that the 
same map is obtained using any y in the inverse image of x. As the union of the 
images of n is all of Vi(x), this map Vi(x) — > M. n must have image inside P'. This 
constructs the unique map V\ (x) — > P' and completes the proof of Claim 14.71 




We may now use Claim 14.71 to complete the description of the functor V\ and 
verify that ry is indeed a natural transformation. Let 7 be a path in C(/')r joining 
y to y 1 so that </>t7 is non constant and joins x to x 1 . Then the following diagram 
commutes 

p<(> 



V(y) 



-^V{x) 




Hi) 



V(y') 



Vo(y') 



v(4>ti) 



+ V{x') 



^Vxix') 
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As (?!>t7 is non constant, y must be equal to cf>~ 1 (x). Consider Vi(x') as a constant 
functor from cj>^, (x) = y and use the outer loop in the above commutative diagram 
to apply Claim H771 There therefore exists a unique map 

so that the following diagram commutes 

V(y) -^-> V{x) 



(10) 



V(4>Tl) 



V (y)^ L ^Vl(x)^ Pi.r') 
Vol 3! 



W) 



Define Vi(4>Tl) to be this map V\{x) — > Vi{x'). As every other map in the 
above diagram commutes with projection to P, Claim 14771 implies that V\{4>Tl) 
also commutes with projection to P. 



V 1 (x) 



-+Pi(x') 



The fact that </>t7 is non constant implies that Vo(y) = P = V\{x). If Vi(x') = P 
too, then the above commutative diagram implies that Vi(4>tj) is the identity. 
Otherwise, the map Pi(0t7) ■ Pi 0*0 — > "P\{^) is the inclusion of P as the face of 
Vi(x') which contains the image of V^Tl) in V{x') C V\{x'). For non constant 
paths 7 which are not in the image of $, we may similarly define "Pi (7) to be the 
inclusion of Pi (7(0)) = P as the face of Pi (7(1)) which contains the image of V(j). 
This defines V\ as a functor. 

We have already observed that 77 restricted to the inverse image of any object in 
C(/)t is a natural transformation. The bottom left hand square of diagram (fT0|) 
then implies that 77 is a natural transformation. 

To describe V\ as an extension of the tropical structure of / we must also describe 
a natural transformation V\j from V\ to Vof T . Consider the commutative diagram 
of functors from C(/')t to the category of integral affine polytopes: 

V > Vo(j) T 

Vfo</> T 
Vq > V o f T o (j) T 

Claim [4~T1 then gives us for every object x in C(/)t a unique map 

V 1 f:T 1 (x)^V(f(x)) 
so that for any y in 0y 1 (x), the following diagram commutes 

Vi{x) i V{x) 

(11) 

V (y) P(f(x)) 




pf 
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We already know that every map apart from Vif in the above diagram comes from 
a natural transformation. Let 7 be a path from y to y' and 4>t{j) be a path from 
x to x' , and consider the diagram 



■Pl(<M7)) 



Vi(x) « 



V {y) V(f{x)) 




V(x>) 



Pf 



W) ^ V(f(x')) 



■Pod) 



•P(/t(0t(7))) 



The commutativity of the squares corresponding to maps which we know are nat- 
ural transformations imply that square which should commute if Vif is a natural 
transformation commutes when 'Pi (2) is restricted to the image of either V(x) or 
Vo{y)- As these two sub polytopes span Vi(x), it follows that the square required 
for Vif to be a natural transformation commutes. As any path in C(/)x may be 
written as a composition of paths in the image of 4>t or their inverses, it follows 
that Vif is a natural transformation. 

The diagram ([lip above therefore corresponds to a commutative diagram of 
natural transformations. It follows that V\ is an extension of the tropical structure 
of/, and Vif or, = V f. 



We have now constructed the required commutative digram. 

(f T ,Vif) 



(C(f') T ,V ) 

i(<t>T,n) 
(C T ,Vi) - 



-> (B r ,P) 



As Vi must be a pullback of the universal extension of the tropical structure of 
/, we therefore get a commutative diagram 




This gives the tropical part of our required map $ from a neighborhood of C(/') 
in C(h) to C(/). We may now construct $ as in the proof of Lemma T4. 5 1 



The following theorem is used in 
moduli stack of stable curves in B. 



□ 

to construct a concrete local model form the 



Theorem 4.8. For any stable curve f in B with domain not equal to T, there 
exists a family of curves f containing f with universal tropical structure so that 

(1) there is a group G of automorphisms of f which which acts freely and tran- 
sitively on the set of maps of f into f. 

(2) There is only one strata Fq of F(/) which contains the image of a map 
f — > f , and the smooth part of this strata, [Fo] is a single point. 

(3) The action of G on [C(/)] restricted to the inverse image of [Fo] is effec- 
tive, so G may be regarded as a subgroup of the group of automorphisms of 

r/i- 
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Proof: 

To start with, Lemma 14.21 constructs a family of curves /q which contains / 
and which has universal tropical structure at /. By restricting /o to a subfamily 
if necessary, we may assume that P(/o) is an open subset of T™ and the strata 
containing / corresponds to the interior P° of P u . Lemma 14.41 implies that /o has 
universal tropical structure. It follows that any map of / into /o must have image 
inside T™ Q C Tp^ . In what follows, we shall first construct a group G which acts 

transitively and freely on the set of maps of / into /o, then verify that G is a 
subgroup of the automorphisms of [/], then construct a G action on C(/o), then 
modify /o to be G-invariant. 

Lemma 14.51 gives that we may extend each inclusion of / into /o to a map 
<f> : C(/o) — > C(/o) so that in any metric on B, the distance between /o and 
/o o $ is bounded. In particular, this implies that restricted to the inverse image of 
Tp within C(/ ), /o ° $ = /o- The tropical part of $ is uniquely determined by 
the universal property of V u , therefore $ is uniquely determined restricted to the 
inverse image of T™ , because the smooth part of T™„ is a point. 

To summarize, any two inclusions of / in /o are exchanged by a unique auto- 
morphism of /o restricted to the inverse image of T™ . Let G be the group of 

automorphisms of /o restricted to Tp D . So far, we have that G acts freely and 

transitively on the set of maps of / into /o- 

The smooth part of the inverse image of T™„ in C(/o) is equal to the smooth 
part of C(/). There is therefore an action of G as automorphisms of [/]. Remark 
13.31 implies that there is an injective map with domain Tp which evaluates /o at a 
collection of marked point sections, and records how the smooth strata of C(/) over 
Tpo are glued together at nodes. Any two inclusions of / into / with the same 
smooth part must therefore have the same image in Tp G , as they will have the 
same labeling of marked points and nodes. Any element of G which acts trivially 
on |~C(/)] is therefore an automorphism of / itself. The only automorphism of / 
which acts trivially on |~C(/)] is the identity. As we have that G acts freely on the 
set of maps of / into fo, it follows that the action of G on |~C(/)] is effective, so 
we may regard G as a subgroup of the automorphisms of [/] . 

For curves in a smooth manifold, G is equal to the automorphism group of [/] , 
but in general, G is a subgroup of the group of automorphisms of [/] . 

We shall now extend the action of G to C(/o). In the construction of C(/o) 
from the proof of Lemma 14.21 we started with a collection of coordinate charts Ui 
on C(/) which we then extended to coordinate charts Ui on C(/). We may make 
the further assumption that the action of G preserves the smooth part of these 
coordinate charts, so the smooth part of Ui is always sent to the smooth part of 
some coordinate chart Uj. (One way to achieve this is by choosing a G invariant 
metric on |~C(/)] in the conformal class determined by the complex structure, and 
choosing the coordinate charts of type Q] and [2] to have image in |~C(/)] the set of 
points within some given distance of the given node or marked point.) 

The smooth part of Ui restricted to the inverse image of Tp D is equal to the 

smooth part of Ui. Therefore, restricted to Tp , G sends Ui isomorphically into 

some Uj. These maps are equivariant in the sense defined in 4j. In other words 
these maps send smooth monomials to smooth monomials. As noted in Remark 14. 31 
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{Ui} is an equi variant collection of coordinate charts on C(/o), therefore we may 
uniquely modify $ outside of the inverse image of T™ to make it an equivariant 
map. In practice, this means that if Ui is a chart of type [T] or [2l we may make 
$ : Ui — > Uj be the unique monomial map which restricts to be the correct map 
on the inverse image of T™ . If Ui is a chart of type [31 then Ui is E/j times F(/), 
and we may uniquely modify <J> : Ui — > Uj to be the product of a map Ui — > Uj 
with a monomial automorphism of F(/) so that $ is the correct map restricted to 
the inverse image of T™ . The definition of the fiberwise complex structure on Ui 
is such that these equivariant maps are automatically fiberwise complex. 

$ with this extra condition that it is equivariant in the given coordinate charts 
is unique. This uniqueness implies that such equivariant $'s extend the action of 
G to an action as a group of automorphisms of C(/o). 

By an averaging procedure, we may modify the map fo outside the inverse image 
of Tp to a map / which is preserved by this action of G. In particular, let U be 

a G-invariant open subset of C(/o) so that 

• each connected component of U is simply connected, and intersects the 
inverse image of T™ G in a connected subset, 

• and fo(U) is contained in a coordinate chart V = K™ x T P on B so that 
Tyert'B restricted to V corresponds to the span of some fixed subset of the 
standard basis vectors {^-, %^~}- 

Then f Q o $ on U is equal to / followed by the exponentiation of some section u$ 
of /gTnertB using the (locally defined) connection which preserves the standard 
basis vectors on V . The section v$> is unique when we impose the condition that it 
vanishes on the inverse image of T™„ . The map fo followed by exponentiation of 
the section which is the average of i>$ for all $ is a G-invariant map U — > V which 
agrees with fo on the inverse image of T™„ . Using a cut off function to interpolate 

between f and this new map, we obtain a new map which is G-invariant on a 
compactly contained open subset Uq of U. 

In fact, w$ will be on the connected components of the subsets of U where fo 
is already G-invariant which intersect the inverse image of T™„. Therefore, this 

new G-invariant map will agree with fo on these subsets, and therefore remain 
G-invariant there. We may repeat the argument some finite number of times for 
new subsets Uq until we obtain a map / which is G-invariant on a G-invariant 
neighborhood of the inverse image of T™ in C(/o). 

Restricting / to this G-invariant neighborhood gives the required family with 
automorphism group G. As / agrees with f on the inverse image of T™„ , G acts 

freely and transitively on the set of maps / — > f, and the tropical structure of / 
restricted to Ct(/) is the universal extension of the tropical structure of /. 

□ 
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